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SUMMARY

To investigate the influences of time scheme, pressure treatment and initial conditions in incompressible fluid
dynamics, a Stokes problem is solved numerically on a slab geometry within the framework of spectral
approximation in space. Four algorithms are examined: splitting schemes, influence matrix method, penalty
formulation and pseudo-spectral space—time technique. It is shown that splitting schemes are less accurate
than the other processes. Furthermore, the initial field should respect a compatibility condition to avoid
singularities at the initial time. If it is not possible to build such a compatible field, the numerical procedure has
to present good damping properties at the first steps of the time integration.
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1. INTRODUCTION

The numerical solution of incompressible viscous flows calls for special treatment of pressure
and continuity equation with the velocity—pressure formulation of the basic equations. Qur aim is
to investigate the influences of time scheme, pressure treatment and initial conditions on the
numerical solution of the two-dimensional Stokes problem within the context of spectral
approximation in space, namely Chebyshev polynomials in the x direction and periodic Fourier
series in the y direction. Several algorithms are used for the time integration and the pressure
computation.

Owing to the excellent accuracy of spectral methods, calculations carried out by large fluid
dynamics codes such as CHANSON! bring up the problem of pressure calculation. Therefore, the
Stokes problem constitutes a model which contains all the characteristic features of the Navier—
Stokes equations from the point of view of pressure determination.
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Section 2 states the Stokes problem, which was previously considered as a test problem at a
GAMM workshop held in Louvain-la-Neuve in October 1980. As the Stokes problem is linear, an
analytical solution may be obtained and it is therefore possible to compare the computed decay-
rate of the solution to the exact value. In Section 3, the various numerical schemes are described.
They include the splitting method, the influence matrix technique which imposes a vanishing
boundary divergence, the penalty formulation and finally the pseudo-spectral space—time
algorithm. Section 4 introduces two initial velocity fields. The first one, although incompressible,
does not satisfy the compatibility condition. The second velocity field ensures that the
incompressibility constraint is satisfied with an initial pressure field verifying both Neumann and
Dirichlet conditions. In Section 5, the numerical results are presented.

The present analysis shows that the initial and boundary conditions of a mixed (initial and
boundary value) problem must be compatible in order to avoid singularities at the initial time and
development of spurious numerical oscillations. If a compatible initial field cannot be found, the
numerical process must possess good damping properties to cope with the initial singularities
during the first steps of the time integration.

2. PROBLEM STATEMENT

Consider the two-dimensional Stokes problem defined on the infinite slab in the y direction with
|x| < 1. The equations are

0
6_:= —gradp + vAv (1)
divy=0. 2

In equations (1) and (2), vis the velocity field, p the pressure and v the kinematic viscosity. The linear
problem is subject to the boundary conditions v=0 at x = + 1 and to an initial condition:
v(x,t = 0). Let us assume periodicity in the y direction, such that the solution of equations (1} and (2)
may be decomposed into Fourier modes:

)= 3 T 067, plx, ) = 3 px, 1)
-K

K being the cut-off of the Fourier series.
As the complete solution can be obtained by linear superposition, we will restrict our attention to
a particular mode in such a way that we define
v(x,8) = ¥(x, 1), p(x, 1) = p(x, t)e* (3)

By insertion of (3} into (1) and (2) and with the change of variables u = i, v = ji, p = p, one obtains
the following relations:

ou  dp Pu
m“&*%af*“> @
ov %

5,

b; +ko=0 ()

(# and ¥ are the components of ¥ and j> = — 1).
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The boundary conditions are
u=v=0, atx=+1 (N

The initial fields are specified in Section 4. Any solution of equations (4)-(7) may be expanded in
eigenfunctions:

ux.t)= —k 3. g ®)
0= ¥ Fi)g0) o
where the functions f{x) and g(t) are
_cos _ _
fix)= Y ooshk cosh kx — cos p;x (10)
g(t) = exp(— a 1) | (11)
with
p; = (o, — k?)H/? (12)

The eigenfunctions f{x) and g{t) are obtained by variable separation. The coefficient g, is the
decay-rate associated with the ith eigenmode. The theoretical value of g, is obtained from the
equation

y;tan y; + ktanh k=0 (13)

We will restrict ourselves to the calculation of the first eigenmode which is the dominant mode. For
k=1, o;~(in)%, so that higher modes are rapidly damped out. The first mode yields
o, =9-313799.

Four numerical methods will be applied to obtain the solution of equations (4)-(7). The
comparison of the theoretical value of ¢, will be made with the computed decay-rate 5, defined in
Section 5.

3. NUMERICAL SCHEMES

The numerical methods to be used are all based on a Chebyshev approximation for the spatial
discretization of the dependent variables. The velocity components and the pressure are expanded
in series of Chebyshev polynomials of first kind, namely,

M
Uy = Z um(t)Tm(x)

m=0

(14)

<

X
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M
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where u,, v,, and p,, are the corresponding time-dependent Chebyshev modes. The classical
projection methods (Galerkin, Tau, Collocation)? lead to a system of ordinary differential
equations. The time integration will be performed by finite differences for the first three algorithms,
whereas the last one will rest upon Chebyshev pseudo-spectral calculation in time?.
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3.1. Explicit pressure calculation

We will apply to (4)—(7) a splitting scheme using a Poisson equation for the pressure calculation,
derived from the incompressibility constraint. Therefore, we consider the scheme:

n+l __ .n on" 52 nt+1
n+l __ .n 62 n+1
U_T”_:kp“rv( avxz —kzv"“), [x|<1 (16)
0%p” 1 /ou”
" —kzp”:E<ax +kv"), i<l (17)
Wil=yp"*1=0 at x=+1 (18)

Equation (17) is obtained by taking the divergence of equations (15) and (16) and by imposing that
(Ou/ox + kv)"** vanishes identically. In (15)—(18) the superscript indicates the time level, e.g.
t = nAt, At being the time step. The momentum equations (15) and (16) are integrated by the
backward Euler scheme which is O(Az). As an explicit forward Euler scheme would be constrained
by a severe restriction on the time step, i.e. At < constant/M*, an implicit scheme is chosen because
of its stability properties. Second-order accuracy in time is achieved on the viscous terms by
Richardson extrapolation. The time marching scheme is accomplished in three stages.

It should be mentioned that in 2-D or 3-D codes, the Richardson extrapolation is only
performed on the viscous part of the Navier—Stokes equations. The non-linear terms are very often
treated by a second order explicit scheme. Richardson extrapolation yields effectively second order
accuracy in contrast with the Crank—Nicolson scheme which does not improve very much the time
integration.* The first solution is obtained by a time integration from ¢ to ¢ + At and will be denoted
by v*. Afterwards, the scheme (15)—(18) is performed in two steps of At/2 size, producing a solution
v¥. The extrapolation formuia:

VL =2y¥ 7 (19)

gives the final result at the new time level.
Several boundary conditions are applied to (17):
(a) The inviscid pressure boundary condition
op"
ax—O, atx=+1 (20)
This condition is used in large 2-D or 3-D codes, where splitting schemes work as follows: (i) a new
velocity field is computed by considering the non-linear terms, (ii) a Poisson equation is solved for
the pressure, (iii) pressure gradients are added to the previous velocity field and, finally, (iv) the
viscous terms are included and v* * ! is obtained. For the pressure computation in (ii), equation (20)
is correct to O(vAt), which is a small error term for large Reynolds number flows.
(b) The tangential viscous pressure condition (Dirichlet condition) (derived from equation (16))
vor”

pn= —Eﬁ, atx=i1 (21)

(c) The normal viscous pressure condition (Neumann condition) (derived from equation (15))
6[)” azun

=V

Ox ox*’

atx=+ 1 22)
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(d) The modified normal pressure condition

f;ix=—vk%';—, atx=+1 (23)
Equation (23) is derived from (22) using the continuity equation.

Normal pressure conditions such as (22) and (23) are used in most viscous flow computations. It
should be noticed that boundary condition (20) does not respect the physics of the problem.
However, equation (20) stabilizes the computation whereas equations (21} and (22) lead to
instabilities whatever the value of the time step is.*

3.2. Influence matrix method

The fundamental problem associated with the use of the Poisson equation for the pressure p is
that the correct boundary conditions for p, which imply incompressibility, are not known a priori
but determined implicitly by the solution. The influence matrix technique (or, as some call it,
Green’s function technique) makes it possible to obtain these boundary conditions and to satisfy
the continuity equation exactly in the discretized problem. This has been proposed in Reference 5
for the present 1-D problem and in Reference 6 for the general case. The 2-D case is treated in
Reference 7 using a Chebyshev polynomial approximation and in Reference 8 with finite
differences.

We summarize the method as applied for the present problem. For the time discretization of (1)
the implicit scheme:

vn+1_ n

= grad p + OvAvV' ! 4 (1 — O)vAY" (24)
with 0-5 <8 <1 is used (it is sufficient to include only one gradient term which is uniquely
determined by equation (24) together with equations (2) and (7)).! For very stiff problems the choice
of 6 > 0-5is essential to provide for the necessary damping of the rapidly decaying solution parts. In
the following we drop the superscript n+ 1 for ease of notation.
From equations (4)—(6) the Poisson equation

*p

——k?p=0

52 kP (29)
is derived. The basis of the solution method is the fact that the continuity equation may be replaced
equivalently by the Poisson equation for p and the condition div v =0 on the boundary.’-® From
equations (6) and (7), this condition reads

ou

$=0, atx=+1 (26)

The pressure p and normal velocity component u are determined by equations (25) and (26) and
o*u dp

e — Bu— (012 = 27

axz ®v) ax @

u=0 atx=+1 (28)

with B =k? + (8vAt)~! and r contains the terms at the previous time level.
Equations (25)—(28) are solved in three steps as follows. First, we compute a solution p, i of
equations (25), (27) and (28) with arbitrary (e.g. zero) p( 3- 1). In general, this solution has a non-zero
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residual (04i/0x)( + 1). The desired solution p, u is written as a linear combination:
p=P+06.p; +,p, (29)
u=ﬁ+61u1 +52u2

where p;, u; are solutions of the homogeneous differential equations {(r = 0 in equation {27)) with
linear independent boundary values, e.g.

P+ 1)=1, py(+1)=0 (30)
P(=1)=0, py(~1)=1

The coefficients ; are determined from equations (26) and (29):

! ~ \

du, ou, dii

KHI) Ec_(+l) (51>_ E(H) o1
du, Ou, 5, o

Fx—(_l) a‘(—l) a(‘l)

Itis sufficient to calculate the solutions p,, u; once before starting time integration and to store only
the ‘influence matrix’ (or its inverse) on the left-hand side of equation (31). The second step in the
solution procedure therefore consists of solving the linear 2 x 2 equation system (31) which is
elementary in the present case (in general a system of order of the number of discrete boundary
points is to be solved). Once J, and &, are known, the correct pressure boundary values are
available:

p(+=p(+1)+d,

p(—)=p(-1)+4,

Thus, in the third step, p can be calculated from equations (25) and (32) and thereafter u from
equations (27) and (28), and finally v is found. In this way, the solution of each time step is obtained
by solving sequentially a set of Helmholtz equations with Dirichlet boundary conditions. These are
discretized by the Tau method, where some care must be taken to obtain an exactly divergence-free
solution.’

(32)

3.3. Penalty method

The pressure is often regarded as a Lagrange multiplier associated with the incompressibility
condition. Therefore, the penalty formulation has become very popular in the recent past within
the finite element numericists.>'® This practice avoids the splitting-up of the Navier-Stokes
operator, ensures incompressibility and restates the problem only in terms of the velocity field. The
penalty method prescribed the following relation for the pressure:

ep+divv=0 (33)

where ¢ is called the penalty parameter (¢ = 1072, 10714,
Equation (33) may be viewed as an equation of state for the pressure field or a direct extension of
the artificial compressibility technique. Inserting equation (33) into equation (1), one obtains

ov 1 .
é—: = grad (divv) + vAv (34)

As a consequence, the problem (4)—(6) is replaced by:
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Ju 1\0%u ,  kov
a-(”;)ﬁ“v"“ta (33)
o v, 1 kou
aVa (”;)”‘;5; 9

which is a coupled system of equations. The penalty parameter whose optimal choice turns out to
be ¢=10"7 (see References 4 and 9), makes the time integration of equations (35) and (36) very
difficult as we are faced now with stiff equations. In order to overcome this difficulty, an
unconditionally stable backward Euler scheme is applied to the right-hand sides of (35) and (36).
Second order accuracy in time is obtained by Richardson extrapolation (see equation (19)).

3.4. Pseudo-spectral space—time method

Morchoisne,®*! proposed a Chebyshev approximation for both space and time discretiza-
tions. The solution of equations (4)-(7) is obtained through a pseudo-spectral iterative technique,
which generates a sequence of approximations; the solution is the limit of this sequence:

U07U17'-"Ul’-"
VO’ Vl,"'aVl"" (37)
PO, Pt PLo--

where / denotes the current iteration index. The approximations (37) satisfy initial and boundary
conditions on the global space—time domain,
U%x, t) = u(x, 0)
VO(x,t) = v(x,0) (38)
Px, t) = p(x,0)
Every quantity is changed according to the following relations:
U™ (x, t) = Ulx, t) + ndul(x, t),
Vit i(x, ) = Vix,t) + ndv'(x, 1), (39
P 1(x, t) = Pl(x, t) + 5dp'(x, t),
where # is an under-relaxation coefficient and where the variations éu', 6v', p' come from a

Newton method and satisfy homogeneous initial and boundary conditions.
The variation quantities at the Ith iteration are obtained from the following equations:

aou! oyt [ o%ou
o= —R,ﬂ——(3~£—+ v< = —kzéu’> (40)
50" 9260/
a_t"= _R;+kap’+v< 0x;) —kw) (41)
au!
——a;‘ +kév'= — R} 42)

In the right-hand sides of equations (40)-(42), the residues R}, R}, R}, are given by the following
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expressions:
Rf‘=a—a(i‘l+%—lj—v<a;g-k2U‘> 43)
R = %l — kP — v@z:: —k? V’) (44)
R, = %%l + kv @5)

Time and space derivatives are computed by using formal derivation of Chebyshev polynomials
expansions. All details are given in Reference 11.

Equations (40)-(42) giving velocity—pressure variations, are solved in two steps. First, pressure
variations are obtained from a Poisson equation, deduced by taking the divergence of the
equations (40) and (41), and using equation (42):

a*pt éR! 0*R! OR!
—_k2spt =P 2pl _ Py _ppi__ Y
532 op E +v(k R, Ew) kR, E (46)
Equation (46) is solved by finite differences with classical Neumann boundary conditions.
oop* o%ou' !
-~ = _R! R =
. ot v( pre atx=+1 47

As for residues the right-hand side of equation (46) is computed by means of the spectral
representation.

Then, the solution of equations (40)-(42) rests upon a centred finite-difference scheme based on
the Chebyshev collocation points (in space and time). The time derivatives in equations (40) and
(41) are approximated by an implicit Crank—Nicolson scheme.

To reduce the number of harmonics in time discretization, the total time integration domain
may be divided into subdomains. The iterative process is performed in each subdomain; the
initialization of the next time subdomain is given by the values of velocity and pressure obtained at
the end of the previous subdomain.

4. CHOICE OF THE INITIAL VELOCITY FIELD

It is usually agreed that the initial velocity field for the Navier—Stokes equations has to satisfy the
boundary conditions and to be divergence-free. However these conditions are not sufficient to
generate a solution which is regular in the whole space--time domain. For example, for the present
2-D Stokes problem (4)—(7) let us consider the initial velocity field:

{Jolx) = — K1 —x?)? (@8)
vo(x) = 4x(x* — 1) 49)
The associated pressure can be obtained from the Poisson equation:
62
B =0 (50)

whose solution is of the form:

po(x) = C, sinh kx + C, cosh kx (51)
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The two constants are derived from the imposition of the boundary conditions. The Dirichlet
condition (21) yields

—24v .
Do = Pip = m sinh kx (52)
whereas the Neumann condition (22) leads to
—8v
Po=DPm cosh k sinh kx (53)

Obviously we do not have a unique pressure distribution as should be expected for a regular
solution. The compatibility condition which the initial velocity field should satisfy to have a regular
solution!? is violated by equations (48) and (49). The condition expresses that the pressure
calculated with the Dirichlet condition coincides with the pressure obtained by using the Neumann
condition. As a consequence the solution of equations (4)—(7) with initial conditions (48) and (49)
will have singularities at the initial instant ¢ = 0. From these initial singularities, difficulties with
numerical solutions will show up. This will in fact be confirmed by our numerical results.

To generate a compatible initial field, we consider now as initial velocity field the first

b p(x)

i \ 20+

\ ]Dm
i 10+ \

\
- 20 4+ \ !

Figure 1. Initial pressure distribution py(x): equations (52), (53) and (56)
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dufx)

Figure 2. Initial velocity distribution u,(x): equations (48) and (54)

eigensolution of the Stokes problem (1), (2), namely

tg(x) = — cos p, cosh kx + coshkcos pyx (54)
{vo(x) = kcos y, sinh kx + u, cosh ksin p,x (55)
where
py = (o ~ k)12

Here, the pressure satisfies both Dirichlet and Neumann conditions and is given by:

cosfty .
=p, = — ——— = _ginh
Po = Pu Vo, Foosh ksm kx (56)
Figures 1-3 show the various components of both initial fields on the |x| < 1 range.
For the space-time pseudo-spectral method, it is necessary to provide an initial profile for the
pressure field. The Dirichlet pressure (equation (52)) will be systematically used with the first initial
field, whereas (56) is used in case 1I.

5. RESULTS

In order to compare the various numerical methods and to examine the influence of the initial
conditions and pressure treatment, a computed decay-rate G is defined as follows:

1 wx=0,t+T)

Gen= " p M u(x=0,1) (57)

The reference velocity is taken at x = 0 as the maximum value is reached at that point {(Figure 2).
We will choose T= 1. In addition to &y, ,; which is computed from the actual solution, a
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v (x)

\//

Figure 3. Initial velocity distribution vy(x): equations (49) and (55)

theoretical decay-rate may be estimated. For the time differencing scheme (24) and for the ith
eigenmode g,(t) = exp ( — vo,;At), one gets

=1 _1-(1—6voht

Y Bva,At (58)

where 0 =05 corresponds to the Crank-Nicolson scheme and 6 =1 corresponds to the Euler
backward scheme. Therefore, one may easily compute the predicted ¢ for the Richardson
extrapolation (19).

All the computations are carried out for the first Fourier mode k = | and a kinematic viscosity
v = 1. With these parameters, the solution decreases by four orders of magnitude in 0 <t < 1. The
time step for the first three methods is fixed at Az =0-01. The spatial cut-off of the Chebyshev
representations (14) is M = 16, which is sufficient to achieve spectral accuracy for the space
discretization (at least 10 correct decimal places).

An important aspect of time integration is the stiffness of the equations, which becomes more
and more serious with increasing Chebyshev cut-off M, where rapidly decaying eigenmodes are
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excited by the initial distribution (case I). The damping factor according to equation (58),

1 — (1 —Bvo,At
1 + BvoAt

(59)

Table I. Comparison between the computed decay rate and the theoretical value. o, =9-3137399, v =1,

k=1, spatial cut-off M =

16, time t = 1, initial field I

Explicit pressure

calculation Influence matrix Penalty
Section 3.1 Section 3.2 Section 3.3 Space-time
Time step Time step Time step pseudo-spectral
At=10"2 At=10"2 At =1(0"2 Section 3.4
B.C. (20) 6y0. 13 0=0-50,60,1; = 9325624 &=10"360 ;= 9298721 Time monodomain:
=9-288619 G prea = 9-320415 M =256
— -7 = — 0. fmax = =0012
B.C. (21) unstable e=10"", 6y 1; = 9-301965 Go. ) = 94651
B.C. (22) unstable 0=051,610 1,=9-311270
B.C. (23) Gyo.) Oprea = 9311807 £=10"""6}9,,,=9-301926 10 time subdomains
= 9297928 M, = 16 for each subdom.
8=052, cw 1= 9-302607 G101y = 91450
G prea = 9301570 Gprea = 303216
20 time subdomains
6 =053, ‘7(0 (1 =9294032  G,eq = 9-301570 M, =8 for each subdom.

B.C.: Boundary
condition

G grea = 9294641

Number of subdivisions
of the first time
integration interval: 10

Gro, 1= 80121

M, time cut-off
Initial pressure:
equation (52)

Table II. Comparison between the computed decay rate and the theoretical value. o, = 9-3137399, v =1,

k=1, spatial cut-off M = 16, time t =

1, initial field 11

Explicit pressure

calculation Influence matrix Penalty

Section 3.1 Section 3.2 Section 3.3 Space—-time

Time step Time step Time step pseudo-spectral
At=1072 At=10"2 At=10"2 Section 3.4

B.C. (20) 6.1 0=050,6,5,,=9320482 £=10726,;,=929872 Time monodomain:

=9-288619
B.C. (21) unstable
B.C. (22) unstable

B.C. (23) 610.4,
=9297928

o+ = 9301570

pre

B.C. Boundary
Condition

§ preq = 9320481

0=051,6,.,,= 9311796
G preq = 9311796
0 =052, 0[0 ;= 9303127

pred —9303127

B=053,60,1) = 9-294474
— 9294474

ped

No subdivision of
the first time
integration interval

6=10"7,5,.1,= 930196

e=10""1G5 ;= 930192

G prea = 9301570

M, =256
At = 0012
0.1, = 93137396

10 time subdomains
M, =16 for each subdom.
Gro.1y = 9-3137398

20 time subdomains
M, =8 for each subdom.
G0,17=9-3137398

M,: time cut-off
Initial pressure:
equation (56)
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tends to — (1 — 0)/0 as va,;At goes to infinity. For 6 = 0-5 the damping factor tends to — 1 so that
oscillations occur and the higher modes are not damped. For 8 = 1 this factor goes to zero and all
the higher modes disappear.

Results are displayed in Table I for the first initial velocity field (I) and in Table II for the second
field (IT). They will be analysed for each method.

S.1. Explicit pressure calculation

In this case, the results at ¢t = 1 are not sensitive to the initial conditions. The same behaviour is
observed for both initial velocity fields. However the accuracy of the time integration depends
strongly on the applied boundary conditions for the pressure computation.

The inviscid pressure condition (20) leads to a computed decay-rate which has only one
significant digit. This dismal performance is essentially due to an error occurring in a boundary
layer induced by imposing a wrong condition.* The tangential and normal pressure conditions (21)
and (22) are unstable.

Even if the time step is reduced to values of the order of an explicit conditionally stable scheme,
ie At < cM* (At ~ 107°), the instability arises after several hundreds of time steps and diverges very
slowly. The elaboration of an exact Tau method? instead of truncating the matrix system for the
boundary conditions fulfiiment does not help to cure the problem. The fourth case (equation (23)),
where the continuity equation has been used, improves the decay-rate to a value of G4 ,,=
9297928 which should be compared to 6,,.,=9-301570. As mentioned earlier, this kind of
boundary condition has been extensively applied in the finite difference approximation and
appears to be a good choice, when the pressure comes from a Poisson equation.

5.2 Influence matrix method

The influence matrix method is very well suited to handle the pressure calculation and fulfilment
of the continuity equation. This method treats both initial velocity fields comparable well if the
stiffness is handled properly. The only appreciable error left in the numerical results seems to be the
time-differencing error. This can be seen from the results for case I (Table 1) where the numerical
G0, 17 is indeed in complete agreement with the predicted value (58). Case I presents only time
differencing errors and as the velocity field respects both normal and tangential pressure boundary
conditions, the spatial discretization induces only negligible error.

To minimize initial time-differencing errors in general applications and to improve the stiffness
treatment in case I of the present problem, a reduced time step is used over the first At interval. This
procedure prevents the numerical solution being polluted by earlier time-stepping errors.

For this case (Table I), the Crank—Nicolson scheme (6 = 0-5) fails to produce good results when
the first time interval is not subdivided. Considerable oscillations in G4 s Occur as n goes to 100.
Therefore, the first At is subdivided into 10 subintervals and 6 is taken greater than 0-5. The number
of correct decimal places increases with 6, indicating that the higher eigenmodes are sufficiently
damped out. One may conclude that the time differencing scheme, equation (24), needs a value for
0 > 0-5 in order to treat properly the stiffness character of the discretized system.

5.3. Penalty method

Like the explicit pressure computation, the performance of penalty method is totally
independent of the initial velocity field.
Of course, in this case, the choice of the penalty parameter is critical. An exploration of the ¢
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range between 1072 and 10~ !* shows that the optimal choice is e =10"7. Lower ¢ values
(1071°...107 '*) induce round-off errors, whereas higher ¢ values (1072...107¢) do not provide
excellent computed &y, ,; values. The good behaviour of é=10"'! in both tables is purely
fortuitous.

The time integration of the penalty method calls for a further comment. As the optimal choice of
e is 1077, equations (35) and (36) present very high values for the coefficients of second-order
derivatives. This particular behaviour imposes treating the right-hand sides implicitly by the
backward Euler-scheme and second-order accuracy in time is only recovered by the Richardson
extrapolation.

The extension of this procedure to 2-D and 3-D Chebyshev spectral representation for the full
Navier—Stokes equations is not obvious and requires further investigation due to the stiff character
of the penalized equations.

5.4. Pseudo-spectral space-time method

Owing to the excellent accuracy of the time scheme used in this method, the comparison is done
between the computed decay rate (o, 1; and the theoretical value o,.

In the case of a mono-domain in time, a very large cut-off M, = 256 was chosen to obtain a value
for the maximum time-step At of the same order of magnitude as in the other method. The iterative
process is stopped when the maximum values of the variations u', 6v', 6p’ are < 10712, For the
initial field I (Table I), the &5, 1; value does not compare favourably with the theoretical value. The
iterative process needs an initial pressure field and a computational speed-up is obtained if that
pressure field is well chosen. The expression (52) is not a good guess from this point of view. The
computation performed with the pressure (53) satisfying the Neumann condition yields a better
result 6o, 1;=9-3133. For the second case (Table II) the full pseudo-spectral scheme achieves
spectral accuracy. Dirichlet and Neumann conditions are satisfied for the initial pressure field
and the solution has sufficient smoothness properties to be approximated with high accuracy
by Chebyshev polynomials.

The time domain may be subdivided into smaller subdomains to produce the solution with less
computing effort. For example, the use of 10 subdomains each of them with 17 harmonics, cuts the
execution time by a factor of two compared to the mono-domain approach.

The multidomain procedure gives however poor results for the initial field 1. The 6,4, 4, value is
even worse for 20 time subdomains with M, = 8. In each subdomain, the spectral calculation is
based on only a few harmonics for a wrong choice of the initial pressure.

For the second field II (Table II), no noticeable difference is observed between 10 and 20
subdomains, and the computed a4 ,; is in excellent agreement with the theoretical value.

Additional results for this problem within the framework of this pseudo-spectral space-time
method are presented in Reference 13. More initial fields are considered, and the influence of a
Chebyshev staggered grid is carefully examined.

5.5. Remark

The comparison of computing times is quite difficult. The authors worked independently on
different computers and used different programming languages. One of us (L.K.) solved this test
problem with CHANSON?®¢ 3.D code written in PL/1, which has a large overhead cost for the
Stokes problem at hand. Therefore, it was decided to avoid such a comparison, which is
meaningless in this context.



PRESSURE AND TIME SPECTRAL SOLUTION 1163

6. CONCLUSIONS

The numerical results presented here show that the explicit pressure calculation does not give good
results. The influence matrix method, penalty and space-time pseudo-spectral algorithms give the
best results, taking into account the accuracy of time schemes. Particularly, this pseudo-spectral
space—time technique allows us to reach full space and time spectral accuracy and, here, the
computed (o, ;; agrees with the theoretical value ;.

From the mathematical point of view, the initial velocity field must satisfy the compatibility
condition so that the resulting pressure is required to satisfy both Neumann and Dirichlet
boundary conditions at every time and therefore also at the initial time ¢ = 0. The penalty method
does not require such a condition as the incompressibility constraint is slightly relaxed and,
furthermore, the problem is reformulated only in terms of velocity components.

If possible the initial velocity field should be elaborated so that no singularity occurs at the initial
time. This regularity enforcement is essential for the pseudo-spectral space—time scheme as it is
based on a global expansion. However, finite difference schemes in time are also sensitive to this
condition as was observed by the influence matrix method process, when applied to the first initial
field.

In most applications, however, it will be very difficult to build initial compatible fields. Therefore
the numerical algorithm has to be designed in such a way that it has sufficient damping properties
to cope with the initial singularities at the very beginning of the time-integration.
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